Abstract-We investigate the surface plasmonic lattice solitons (PLSs) in semi-infinite graphene sheet arrays. The surface soliton is formed as the surface plasmon polaritons (SPPs) tunneling is inhibited by the graphene nonlinearity, and meanwhile the incident power should be above a threshold value. Thanks to the strong confinement of SPPs on graphene, the effective width of surface PLSs can be squeezed into deep-subwavelength scale of ∼0.002λ. The influence of the graphene loss on the surface PLSs is also discussed. Based on the stable propagation of surface PLSs, we find that the light propagation can be switched from the array boundary to the inner graphene sheets by reducing the incident power or increasing the chemical potential of graphene. The study may find promising application in optical switches on deep-subwavelength scale.
manifest strong confinement of the light field, which could make the nonlinear effect stimulated readily. In plasmonic lattice, the discrete solitons are known as plasmonic lattice solitons (PLSs). The solitons are formed as the SPPs tunneling is inhibited by nonlinear effect. Usually PLSs are investigated in the infinite (or homogenous) plasmonic lattice [12] [13] [14] . There is also a type of PLSs existing at the boundary of the truncated plasmonic lattice, which is the surface plasmonic lattice soliton [15] . Compared with the counterparts in the infinite lattice, the surface solitons are unique which require the input power above a threshold value [16] [17] [18] [19] .
Many analogous nonlinear optical phenomena including the discrete solitons, have also been studied in the graphene metamaterials [20] [21] [22] [23] [24] [25] . In comparison with metals, the SPPs on graphene have superior features including the stronger confinement, more flexible tunability, and lower propagation loss [26] [27] [28] [29] [30] [31] [32] [33] . Apart from that, graphene itself exhibits strong optical nonlinearity [20] , [34] , [35] . These features make graphene sheet arrays an ideal substitution of the metallic waveguide arrays for researching plasmonic lattice solitons.
In this work, we shall investigate the surface PLSs in the semi-infinite graphene sheet arrays (GSAs). By comparing with the infinite GSAs where the solitons locate inside the graphene sheets, the surface solitons distribute at the interface of graphene system and an open half-space. Thus there is possibility for the graphene solitons interacting with other materials and being modulated by the external environment. As a result, the surface solitons may find applications in sensors and environment detection. Besides, the surface solitons are easier to excite by an optical coupler than the bulk solitons. At the boundary of the semi-infinite graphene sheet arrays, the graphene nonlinearity excited by the light power above a threshold value balances the SPPs tunneling to form the surface PLSs. Due to the strong confinement of SPPs on graphene, the transverse distribution of the surface PLSs can be compressed into deep-subwavelength scale (∼0.002λ). Recently, Bludov et al. studied the dispersion relation of the plasmonic soliton modes in graphene arrays but the loss influence of graphene plasmons is not considered [24] . In this work, we expand the previous study and focus on the practical propagation of surface PLSs in the semi-infinite GSAs at a fixed frequency. We have systematically investigated the field confinement, power threshold, and propagation loss of the surface PLSs. Moreover, the application in optical switches has also been numerically demonstrated. The study may find potential applications in the optical switches, sensors, and optical circuits on deep-subwavelength scale. 
II. MODE DISTRIBUTION AND PROPAGATION OF SURFACE PLSS
We firstly investigate the transverse field distribution and propagation of surface PLSs in the semi-infinite graphene sheet arrays. The structure is shown in Fig. 1 , where the semi-infinite graphene sheet arrays (x > 0) embedding in the linear dielectric (ε d = 2.25). The graphene sheets are represented by the black lines and the distance between adjacent graphene sheets is d = 40 nm.
Considering the transverse magnetic polarization (TM), we transform the Maxwell's equations into the matrix form [12 
where ε r (x) stands for the relative permittivity along the x axis. Equation (1) is aimed at solving the eigen problem. The transverse magnetic field and electric field, H y and E x , compose of the eigenvector, while the propagation constant k z is the eigenvalue. In the calculation, graphene is treated as a thin film with an equivalent thickness Δ ≈ 1 nm. Then the relative equivalent permittivity of graphene could be given by ε g = 1 + iσ g η 0 /(k 0 Δ) [20] , where η 0 and k 0 are the impendence and propagation constant in vacuum. The nonlinearity of graphene originates from its surface conductivity which can be written as
The nonlinear conductivity σ N L is obtained from the general quantum theory of the graphene third-order nonlinear conductivity [36] ,
where σ (m /n) is dimensionless and represents the combination of intraband and interband contributions. The term n = 0 refers to net intraband contribution and m = 0 denotes net interband contribution. The other two terms are due to the combination of both intraband and interband contributions. The detail can be found in the reference [36] . When n = 0, the nonlinear conductivity is obtained due to the only contribution of intraband transition (S (3/0) ) and has the form
which coincides with the model by [21] , [34] . It should be mentioned that the nonlinear surface conductivity could also be depicted by a recently developed non-perturbative model [37] , [38] which might be helpful to obtain more accurate results. The linear part of the surface conductivity σ g,linear (λ, μ c , τ) is also obtained from the new model [36] , which is consistent with the result of Kubo formula [33] , [39] , where λ is the incident wavelength in air and τ is the momentum relaxation time. Here, these parameters are respectively set as λ = 10 μm, μ c = 0.16 eV, τ = 0.5 ps [40] [41] [42] .
Taking the graphene nonlinearity into consideration, (1) turns into a nonlinear eigen problem, which could be solved by using the self-consistent method [43] . We set a Gaussian distribution around the array boundary as initial value for the iterative calculation, where the peak intensity is set as 700 V 2 /μm 2 . The transverse field distribution of surface PLSs, namely, the nonlinear eigenmode profile, is obtained as shown in Fig. 1 . Here, the loss of graphene is not taken into account at first. It has also been verified that the solutions do not change much even though the loss is included. We denote the nonlinear eigenmode as m = 1 or 2 mode when the peak of the intensity profile localizes at the first or second graphene sheet. For the mode of m = 1, the tangential electric field (E z ) and the intensity distribution Fig. 1 (a) and (b). The transverse field distribution of surface PLS is asymmetric as shown in Fig. 1(b) . Due to the boundary effect, the attenuation degree of the intensity amplitude in the uniform dielectric region is a little larger than that in the array. The power and the effective width of surface PLS are respectively given by [13] , [44] 
For the mode m = 1, the surface PLSs have a width of 0.02 μm which is equal to 0.002λ, while the input power is about 89.8 W/m. However in the infinite plasmonic lattice, the effective width is about 0.0031λ under the same input power of 89.8 W/m. The width of the PLS represented by the red dash line is larger than that based on the semi-infinite lattice, as shown in Fig. 1(b) . It indicates that the surface PLSs exhibit stronger power confinement in comparison with the PLSs in the infinite graphene sheet arrays.
As for the m = 2 mode, the tangential electric field and the intensity distribution are shown in Figs. 1(c) and (d) , respectively. Compared with the m = 1 mode, the intensity distribu- tion of m = 2 mode tends to be symmetric with the intensity peak moving further into the lattice region. In Fig. 1(d) , the effective width of the surface PLS (m = 2) is about 0.0046λ and the power approximates to 94.3 W/m. For the PLS in the infinite GSAs, the width are almost the same under the same input power of 94.3 W/m as shown Fig. 1(d) .
By comparing the two modes, the width for m = 2 mode is about two times larger than that of m = 1 mode while the difference between their powers is small. For the same peak intensity, the surface PLS energy could be more concentrated as the distribution is closer to the array boundary. In general, the transverse size of the surface PLS could be squeezed into deep-subwavelength scale (∼0.002λ) with relatively low incident power.
We further study the impact of loss on the width of the surface PLSs presented in Fig. 2 . For the surface PLSs presented in Fig. 1(b) , we change the peak intensity and obtain the corresponding soliton width in lossy and lossless cases as shown in Fig. 2(a) . It shows that the transverse distributions of the surface solitons have little change in the two cases. When the momentum relaxation time is modulated from 0.5 ps to 0.1 ps, the width variation with the peak intensity is shown in Fig. 2(b) . The widths in the lossy case are a little smaller than that in lossless case. In general, their differences are about 1 nm. In Fig. 2(c) , we further present the width of surface PLSs changes with the momentum relaxation time as the peak intensity is fixed at I peak = 700 V 2 /μm 2 . When the momentum relaxation time is 0.1 ps, the width in lossy case is 1.6 nm smaller than the one in lossless case. As the momentum relaxation time increases, especially larger than 0.3 ps, the widths in lossy and lossless cases converge to the same value about 20 nm. The presence or absence of loss has little effect on the soliton width as τ is larger than 0.3 ps. It is also noteworthy that the momentum relaxation time τ is closely related to the graphene loss [45] , [46] , which has great effect on the imaginary part of the propagation constant. As shown in Fig. 2(d) , the imaginary part of the propagation constant decreases dramatically from 5.3 μm −1 to 0.53 μm −1 as the momentum relaxation time τ increases from 0.1 ps to 1ps. It also shows that the real part of the propagation constant is hardly influenced by the momentum relaxation time and stays around 97.7 μm −1 . To illustrate the propagation of the surface plasmonic lattice solitons, we substitute the nonlinear eigenmode solution into the full Maxwell's equation and simulate the propagation of the mode by using the modified split-step Fourier beam propagation method [12] . In the simulation, we focus on the m = 1 mode. As shown in Fig. 3(a) , the surface PLS keeps its initial distribution and propagates forward stably, where the loss from graphene is neglected. Assuming that the graphene nonlinear effect is not excited, the light beam will diffuse into the graphene sheet arrays, which is shown in Fig. 3(b) . The surface solitons are formed due to the balance between graphene nonlinearity and the SPPs tunneling. Taking the loss from graphene into consideration, we also plot the real propagation of the surface PLS as shown in Fig. 3(c) . The decay distance L loss is about 0.47 μm with the propagation constant k z = 97.78 + 1.06i μm −1 (L = 1/ 2 Im(k z )). The corresponding SPP wavelength is λ p = 0.064 μm. Accordingly, the decay distance is about seven times of the SPP wavelength L = 7.3λ p .
As for the actual soliton propagation, we also present the influence of the maximum intensity and the chemical potential on the decay distance in Fig. 4 . When the peak intensity increases from 650 V 2 /μm 2 to 950 V 2 /μm 2 , the propagation length decreases slightly from 0.46 μm to 0.54 μm as shown in Fig. 4(a) . On the other hand, when the chemical potential increases in the small range of 0.156-0.186 eV, the propagation distance increases a little more largely as shown in Fig. 4(b) . It should be noted that the chemical potential variation makes the soliton width changed at the same time.
III. EXCITATION THRESHOLD OF SURFACE PLSS
Now we investigate the properties of surface PLSs including the threshold of exciting power and energy distribution. Firstly, we present the relation between the input power and the propagation constant of surface PLSs in Fig. 5(a) , where the propagation band is indicated by shading. Due to the nonlinearity, the localized modes of m = 1 and m = 2 exsist in the forbidden band which are seperated from the propagation band. In Fig. 5(a) , the relations between the input power and the propagation constant in both lossy and lossless cases are analyzed. They are signed by dots and lines respectively and match each other very well. It indicates that the loss has little effect on the threshold for exciting the surface PLSs. The threshold power of m = 1 mode is about 89.15 W/m. Below the value, there is no solution for the surface PLSs which concentrate at the first graphene sheet. For the m = 2 mode, the threshold power is about 84 W/m, which is smaller than that of the m = 1 mode. Combined with the intensity distributions of m = 1 and 2 modes as shown in Fig. 1(b) and (d), we find that the threshold power would decrease as the surface PLS distribution gradually shifts to the internal graphene sheets.
Concerning on the surface PLSs of m = 1 mode, we proceed to analyze the influence of the light intensity on the energy distribution. The result is shown in Fig. 5(b) , where r 1 and r 2 represent the proportions of the surface PLS energy confined in the first and second graphene sheet, respectively. In Fig. 5(b) , it is clear that the soliton energy is more concentrated on the first graphene sheet as the peak intensity increases. Specially, when the intensity peak is larger than 950 V 2 /μm 2 , there is more than ninety percent of total energy is confined in the first graphene sheet. At the same time, it also indicates that the effective width is correspondingly less than 0.002λ. When the light intensity becomes larger, the induced nonlinear effect will be enhanced. As a result, the surface PLSs could be further squeezed with more energy concentrated on the first graphene sheet.
We also investigate the influence of the structure period and the chemical potential on the threshold power of the m = 1 mode. When the chemical potential is fixed at μ c = 0.16 eV, the threshold power decreases as the structure period increases, as shown in Fig. 5(c) . In case the spacing between adjacent graphene sheets increases, the SPPs coupling becomes weak which needs relatively low nonlinear effect to balance. Consequently, the minimum power which is enough to give rise to the surface PLSs should be reduced. On the other hand, due to the great influence of the chemical potential on the material characteristics of the semi-infinite GSAs, we also reveal the influence of the chemical potential of graphene on the threshold power. The result is shown in Fig. 5(d) , where the structure period is fixed at d = 40 nm. As the chemical potential is modulated in a small range of μ c = 0.16-0.2 eV, the threshold power will vary dramatically from 89.2 W/m to 226 W/m. The threshold power is very sensitive to the chemical potential. In general, the larger chemical potential would enhance the SPPs coupling which requires stronger nonlinear effect to balance [22] , [26] . Thus, the corresponding threshold power becomes larger.
IV. APPLICATION IN OPTICAL SWITCHES
In this part, we shall discuss about the application in optical switches by manipulating the SPPs propagation in the semiinfinite GSAs. In order to illustrate the mechanism of optical switches in the actual lossy condition, we set the chemical potential μ c = 0.18 eV and the momentum relaxation time τ = 1 ps [45] , [46] . In Section II, we have demonstrated that the increase of the momentum relaxation time τ would lead to the dramatic decrease of the propagation loss but induce nothing else change of the surface PLSs. In the other hand, the the SPP coupling could be enhanced by increasing the chemical potential. Taking the two aspects into account, we can make SPPs tunnel through a number of graphene sheets in the decay distance by increasing the chemical potential and the momentum relaxation time in a feasible range.
At first, we simulate the actual stable propagation of the surface PLS which is extremely concentrated at the outmost graphene sheet with the peak intensity I peak = 800 V 2 /μm 2 . The decay distance is about 1 μm. The light beam can propagate stably within the decay distance as shown in Figs. 6(a) and 7(a), which are the same illustrations of the surface PLS propagation. Then we demonstrate how the light beam diffracts from the boundary into the inner graphene sheets as the balance between nonlinearity and SPPs tunneling is destroyed by changing the input power or the chemical potential. The results are shown in Figs. 6 and 7, respectively.
As we reduce the peak intensity from I peak = 800 V 2 /μm 2 to I peak = 300 V 2 /μm 2 , meanwhile the power is also reduced, the light beam would diffuse into the inner sheets as shown in Fig. 6(b) . At the output end z = 0.8 μm, the intensity peak localizes at the 4th graphene sheet. The contrast between the two output intensity distributions is presented in Fig. 6(c) . To get more information about how the input power dose influence on the output position, we reduce the peak intensity in turn from 800 V 2 /μm 2 to very tiny value. The result is shown in Fig. 6(d) . As the peak intensity I peak decreases, the distance between the output position and the array boundary becomes larger. This is because that the light diffraction dominates as the nonlinear effect is weakened by reducing the input power. In Fig. 6(d) , we also present the dependence of the output location on the input intensity in the lossless condition, which is represented by the dash line. In the ideal and lossy cases, the optical switch effects are almost the same in the front four sheets except that the light beam could be tuned to one sheet further in the lossless case.
It is known that the chemical potential of graphene can be tuned flexibly by external electric field, magnetic field or gate voltage [26] , [27] . From the experimental point of view, one could embed a semiconductor (n + -Si) layer in the dielectric between graphene and the gate voltage is added between the graphene and semiconductor layers [33] . As the chemical potential increases from μ c = 0.18 eV to μ c = 0.19 eV, the light beam diffuses into the array as shown in Fig. 7(b) . In the previous section, we have discussed that the increasing chemical potential leads to stronger SPPs coupling. It also indicates that the balance between the graphene nonlinearity and SPP tunneling is broken and the linear diffraction dominates. In Fig. 7(b) , the peak of the intensity profile localizes at the 3th graphene sheet when the light beam arrives at the output end z = 0.8 μm. The intensity distributions of the light beam in Fig. 7(a) and (b) at z = 0.8 μm are compared as shown in Fig. 7(c) . To illustrate the influence of the chemical potential on the light output position in more detail, we increase the chemical potential from μ c = 0.18 eV to μ c = 0.26 eV. The corresponding output positions of the intensity peak are illustrated in Fig. 7(d) . As the chemical potential increases, the diffraction becomes in domination and the output location stays farther away from the array boundary. The lossless case is also considered and presented in dash lines in Fig. 7(d) . By tuning the chemical potential even in the small range of μ c = 0.18-0.26 eV, ones can flexibly manipulate the output location of the light.
V. CONCLUSION
In conclusion, we have investigated the surface plasmonic lattice solitons in semi-infinite graphene sheet arrays. With the prerequisite that the light power is above a threshold value, surface PLSs will be formed as the SPPs tunneling and the graphene nonlinearity reach a balance. Due to the strong confinement of SPPs on graphene, the width of the surface PLSs could reach deep-subwavelength scale (∼0.002λ) with relatively low incident power. The threshold power of surface PLSs can be reduced by increasing the structure period or decreasing the graphene chemical potential. The influence of the graphene loss on the surface PLSs is also discussed. By tuning the chemical potential or the input power, we can also flexibly manipulate the output position of light beam. The study would provide potential application in optical switches on deep-subwavelength scale.
